In conventional NMR experiments, the Zeeman energy gaps of the nuclear spin ensembles are much lower than their thermal energies, and accordingly exhibit tiny polarizations.
'Correlations cry out for explanation' -J. S. Bell in Speakable and Unspeakable in Quantum
Mechanics, Cambridge university press (1989).
I. INTRODUCTION
Quantum physics is known for many nonintuitive phenomena including certain classically forbidden correlations. To study and understand these mysterious quantum correlations we require a suitable testbed. Nuclear Magnetic Resonance (NMR) [1, 2] of an ensemble of molecular nuclei in bulk liquids/solids form a convenient testbed even at room temperatures [3] . The weakly perturbed nuclear spins in such systems can store quantum superpositions for long durations ranging from seconds to minutes. In addition, excellent unitary controls via radio-frequency pulses allow precise manipulations of spin-dynamics. Even though one can not have local addressability of individual spins, and one works with the spin-ensemble as a whole, it is still possible to study many of the quantum correlations, namely contextuality, temporal correlation, discord etc. The ensemble measurements are often sufficient, since many of the quantum correlations can be evaluated via expectation values. However, at room temperature there is little entanglement in conventional NMR systems [4] . In fact, this makes NMR a good candidate for studying quantum correlations without entanglement. In the following sections we are going to review some NMR experiments investigating quantum contextuality, Leggett-Garg inequality, and quantum discord. For the sake of completeness, we have provided a brief theoretical background in each case.
II. QUANTUM CONTEXTUALITY
As the name suggests, outcome of a quantum measurement in general depends on the context i.e., measurement-setting, arrangement, situation, circumstance, etc. Quantum contextuality (QC) states that the outcome of a measurement depends not only on the system and the observable being measured, but also on the context of the measurement, i.e., on other compatible observables which are measured along with [5] [6] [7] . QC signifies a mysterious nonclassical correlation between measurement outcomes corresponding to distinct observables. One consequence of QC is violation of Bell's inequality [8, 9] , which has challenged the most cherished tenet of special theory of relativity, i.e., locality.
Peres explained quantum contextuality using a pair of electrons in a singlet state (|01 −|10 )/ √ 2 [5] . Suppose we measure a Pauli observable σ iα , where α ∈ {x, y, z}, on the ith particle, and obtain an outcome α i = ±1. For the singlet state, the result of measuring σ 1x σ 2x is x 1 x 2 = −1 since σ 1x σ 2x = −1. Similarly, y 1 y 2 = −1 . However, if one measures σ 1x σ 2y followed by σ 1y σ 2x
one would obtain the outcome x 1 y 2 y 1 x 2 = −1 since σ 1x σ 2y σ 1y σ 2x = σ 1z σ 2z = −1, which is in contradiction with x 1 x 2 = y 1 y 2 = −1.
Later Mermin [10] generalized quantum contextuality to a state-independent scenario. Consider a pair of spin-1/2 particles and a set of nine Pauli-observables arranged in the following fashion:
Here the last column (row) lists the product along the row (column). In this arrangement, all the operators along any row, or any column, mutually commute and therefore they can be measured sequentially or simultaneously without any mutual disturbance. Whatever may be the state of the spin-pair, if one measures the three consecutive observables along any row one would obtain the outcome +1, the only eigenvalue of 1. Similarly, if one measures along first or second column one would obtain +1. On the other hand, choosing observables along the last column will lead to an outcome −1. However, no assignment of ±1 values to individual measurements of all the nine observables can satisfy the above joint-measurement outcomes, indicating that such noncontextual preassignments of measurement outcomes is incompatible with quantum physics.
A. Contextuality studies using NMR systems
The first demonstration of contextuality in NMR systems was reported by Moussa et. al [11] .
Using a solid state NMR system, they evaluated the state independent inequality [8] 
where π r i are the expectation values obtained when all the observables along the ith row of matrix in 1 are measured. Similarly π c j is the expectation value for measurements along the jth column. Exploiting the state independent property, they initialized the system in the maximally mixed state and obtained the value β = 5.2 ± 0.1. While the result is in agreement with the quantum bound which is β ≤ 6, it strongly violates the inequality in 2.
Later, Xi Kong et. al demonstrated QC by a single three level system in a NV center setup [12] . More recently, Dogra et. al demonstrated QC using a qutrit (spin-1) NMR system with a quadrupolar moment, oriented in a liquid crystalline environment. Using a set of 8 traceless observables (Gell-Mann matrices) and an inequality derived based on a noncontextual hidden variable (NCHV) model, they observed a clear violation of the NCHV inequality [13] .
Contextuality via psuedo spin mapping
Su et. al. [14] have theoretically studied QC of eigenstates of one dimensional quantum harmonic oscillator (1D-QHO) by introducing two sets of pseudo-spin operators,
with components,
where 1 2 is 2 × 2 identity matrix. Defining the dichotomic unitary observables,
they setup Bell-Clauser-Horne-Shimony-Holt (Bell-CHSH) inequality [15] ,
However, the quantum bound was shown to be I Q ≤ 2 √ 2, clearly violating the above Bell-CHSH inequality and thus exhibiting QC of QHO.
Katiyar et. al. carried out an NMR investigation of this inequality by mapping the QHO eigenstates to the spin-states of a 2-qubit system (with an additional ancilla qubit) [16] . Using the Moussa protocol [11] (described in the next section) to extract the joint-expectation values in the inequality 5, they obtained I Q ≈ 2.4 ± 0.1. Although decoherence limited the experimental value to below the quantum bound (I Q ≤ 2.82), it is clearly above the classical bound (I ≤ 2) and therefore establishes QC of 1D-QHO.
Thus, we observe that even when a system is in a separable state, measuring nonlocal observables leads to violation of Bell-CHSH inequality [17] .
III. TEMPORAL CORRELATIONS
Bell's inequalities (BI) are concerned with how two systems (each with a dimension of at least 2) are correlated over space, where as the Leggett-Garg inequality (LGI) is concerned with the correlation of a single system (with a dimension of at least 2), with itself at different time instants.
While the former deals with context of the measurement, the latter deals with a temporal context.
LGI is based on the following two assumptions:
1. Macroscopic realism (MR): A macroscopic system, with two or more macroscopically distinct states available to it, exists in one of these states at any given point of time.
Noninvasive measurability (NM):
It is possible to determine the state of the system with arbitrarily small perturbation to its future dynamics [18, 19] .
Although the original motivation of Leggett and Garg was to test the existence of quantumness even at a macroscopic level, most of the violations of LGI reported so far are on microscopic systems [19] . The LGI violations in such systems were either due to invasive measurement or the system being in microscopic superpositions. Even though LGI violation in a macroscopic system such as a superconducting qubit has been reported [20] , the existence of macroscopically distinct states in such a system is not clear [19] . Other experimental works on LGI include Nitrogen-Vacancy centers [21, 22] , photonic systems [23] , electron interferometers [24] , superconducting qubit [25] , and more recently in neutrino oscillations [26] . Recent theoretical extensions of LGI include its entropic formulation [27] and LGI in a large ensemble of qubits [28] . The violation of the former was recently observed using NMR experiments by Katiyar et. al. [29] .
LGI is also studied for a system of qubits coupled to a thermal environment [30] . For more details reader can refer to the review [19] .
LGI violation in a 3-level NMR system has also been reported recently [31] .
In the following we provide a brief theoretical as well as experimental review of LGI in the context of NMR. 
A. Leggett-Garg string
Consider a system (the 'target') evolving under some Hamiltonian. Let Q be a dichotomic observable with eigenvalues Q = ±1, and let Q(t i ) denotes the measurement outcome at time t i . Repeating these measurements a large number of times we obtain the two-time correlation coefficient (TTCC) C ij for each pair:
where r is the trial number. Finally, the values of these coefficients are to be substituted in the n-measurement LG string given by:
Each TTCC C ij is bounded by a maximum value of +1, corresponding to a perfect correlation, and a minimum value of −1, corresponding to a perfect anti-correlation. C ij = 0 indicates no correlation. Thus, the upper bound for K n consistent with macrorealism comes out to be (n − 2), while the lower bound is −n for odd n, and −(n − 2) for even n (see Fig. 2(a) and (b) ). With these considerations LGI reads −n ≤ K n ≤ (n − 2) for odd n, and − (n − 2) ≤ K n ≤ (n − 2) for even n.
In the following, we consider the case of a single qubit, namely a spin-1/2 nucleus precessing in an external static magnetic field.
B. Violation of LGI with a single qubit
A spin-1/2 nucleus precessing in an external magnetic field along z-axis has the following Hamiltonian:
where ω is the Larmor frequency. Let σ x be the dichotomic observable [32] . Starting from the definition of TTCCs, we obtain for an arbitrary initial state ρ 0 [33, 34] ,
Dividing the total duration from t 1 to t n into (n − 1) parts each of length ∆t, we can express the
LG string consistent with equation 8 as
Fig. 2(c) illustrates K n curves for n = 3 to 8 and for ω∆t ∈ [0, 2π]. The classical bounds in each case are shown by horizontal lines. As indicated by the filled areas, LGI is violated for each value of n at specific regions of ω∆t. Quantum bounds of K 3 are −3 and +1.5 and that for K 4 are −2 √ 2 and +2 √ 2, and so on. In the following we discuss an experimental protocol for evaluating the LG strings.
C. Moussa protocol As described before, one needs to extract TTCCs in a way as noninvasive as possible. One way to achieve this is by using an ancilla qubit and employing Moussa protocol (Fig. 3) . It involves preparing the ancilla in |+ state (an eigenstate of σ x ; or a pseudopure state (1 − )1/2 + |+ +|)
followed by a pair of CNOT gates separated by the delay t j − t i . Finally σ x observable of the ancilla qubit is measured in the form of transverse magnetization which reveals the corresponding TTCC [11] :
where ρ s = 1/2 is the initial state of the system qubit.
LGI violated
LGI satisfied t
LGI violated
LGI satisfied The Moussa circuits are easy to implement using a two-qubit NMR system [32, 35] . Athalye et.
al. [32] have used 13 C and 1 H spins of 13 C-Chloroform as system and ancilla qubits respectively and found a clear violation of LGI by more than 10 standard deviations at short time scales. However, with longer time scales, the TTCCs decayed resulting in a gradual reduction in the violation, and ultimately satisfying the LGI bounds.
More recently, Knee et. al. [36] have used ideal negative result measurements (INRM) to extract TTCCs noninvasively. The method involves two sets of experiments -one with CNOT and the other with anti-CNOT. In the former, the system qubit is unaltered if the ancilla (control-qubit) is in state |0 , while in the latter, the system is unaltered if the ancilla is in state |1 . Postselecting the subspaces wherein the system is unaltered is considered to be more noninvasive [36] . Using nuclear and electronic spins (in an ensemble of phosphorous donars in silicon) as system and ancilla, Knee et. al. demonstrated LGI violation with INRM [36] .
D. Entropic Leggett-Garg inequality (ELGI)
In 2013, Usha Devi et. al. [27] have formulated the entropic Leggett-Garg inequality in which they place bounds on amount of information associated with a noninvasive measurement of a macroscopic system. The amount of information stored in a classical observable Q(t i ) at time t i is given by the Shannon entropy,
where P (Q(t i )) is the probability of the measurement outcome Q(t i ) at time t i . The conditional entropy H(Q(t j )|Q(t i )) is related to the joint-entropy
by Bayes' theorem, i.e.,
For n measurements performed at equal intervals ∆t, we denote h(∆t) = H(Q(∆t)|Q(0)) =
H(Q(2∆t)|Q(∆t)) = · · · , and h((n − 1)∆t) = H(Q((n − 1)∆t)|Q(0)). By setting up a quantity called information deficit
where 2s + 1 is the number of distinct states (where s is spin number), Usha Devi et. al. proved that D n ≥ 0 for classical systems.
The experimental violation of ELGI was first demonstrated by Katiyar et. al. [29] again using 13 C-Choroform as the two-qubit register. The single-time probability P (Q(t i )) and the joint probabilities P (Q(t i ), Q(t j )) are extracted using the circuits shown in Fig. 4(a) and (b) respectively.
Note that an ancilla spin is used to extract joint probabilities with the help of INRM procedure applied to the first measurement. The results displayed in Fig. 4(c) , indicate a clear violation of ELGI by four standard deviations.
IV. QUANTUM DISCORD
In the early days of quantum information and quantum computation it was shown that entanglement is the key resource to perform various tasks [37] . However, it was later realized that quantum correlations beyond entanglement are also useful for quantum information processing [38] [39] [40] [41] . It was shown theoretically [4, 42] as well as experimentally [43] that some tasks can be made efficient even with separable states, but with non-zero quantum correlations. Thus, quantifying the quantum correlation becomes important, and it can be achieved by using measures such as discord [44, 45] and geometric discord [46] [47] [48] . For more details on the topic of quantum correlations one may refer to the reviews in [49] [50] [51] [52] [53] [54] .
Discord has also been studied in the ground state of certain spin chains particularly close to quantum phase transitions [55] . Signatures of chaos in the dynamics of quantum discord are found using the model of the quantum kicked top [56] . Quantum critical behavior in the anisotropy XY spin chain is studied using geometric discord [57] .
It is believed that discord is a resource behind the efficiency of the DQC-1 model [38, 42, [58] [59] [60] . Quantum advantage with no entanglement but with non-zero quantum discord has been demonstrated in single-photon states [61] . Quantum discord has also been estimated in optical systems using mixed states [43] and in an anti ferromagnetic Heisenberg compound [62] .
Non-zero quantum discord in NMR systems has been observed by many researchers [63] [64] [65] [66] .
For various theoretical and experimental aspects of quantum discord and related measures reader can refer to review [67] . Investigations on the evolution of quantum discord under decoherence [68] and under decoherence-suppression sequences [66] have also been reported. In the following we briefly describe some aspects related to discord and geometric discord.
A. Discord and mutual information
Mutual Information I(A : B) is defined as the amount of information that is common to both the subsystems A and B of a bipartite system, and is given in terms of Shannon entropy H(A, B) .
I(A : B) = H(A) + H(B) −
It can be seen that mutual information is symmetric, i.e., I(A : B) = I(B : A). Another classically equivalent expression based on Bayes rule can be obtained from Eq. (15) as follows:
These expressions can be intuitively understood using Fig. 5 .
In the quantum information theory, the von Neumann entropy gives the information content of a density matrix and is defined as
where λ x 's are the eigenvalues of the density matrix ρ. Although the two expressions of mutual information given in Eqs. (15) and (16) are equivalent in classical information theory this is not the case in quantum information theory. The reason for this difference is that the expression for mutual information given by Eq. (16) involves measurements and its value depends on the measurement outcomes. Measurements in quantum theory depends on the basis used and it changes the final state of the system. Henderson and Vedral [45] have proved that the total classical correlation can be obtained as the maximum value of
where the maximization is performed over all possible orthonormal measurement bases {Π a i } for A. The quantum mutual information I(A : B) is defined in a way analogous to that of the classical mutual information, i.e.,
I(A : B) = H(A) + H(B) − H(A, B).
Therefore, the non-classical correlations can be quantified as the difference
Ollivier and Zurek had called this difference as 'discord ' [44] . Zero-discord states or "classical"
states are the ones in which the maximal amount of information about a subsystem can be obtained without disturbing its correlations with the rest of the system.
It should be noted that discord is not a symmetric function in general, i.e. D(B|A) and D(A|B)
can differ. Datta [69] has proved that a given state ρ AB satisfies D(B|A) = 0 if and only if there exists a complete set of orthonormal measurement operators on A such that
When the first part of a general bipartite system is measured, the resulting density matrix is of the form given by Eq. (21) . Since the final state after measurements is a classical state, one can extract the classical correlations from it. Thus, for any quantum state and every orthonormal measurement basis, there exists a classically correlated state. Maximization of J (A : B) gives the maximum classical correlation that can be extracted from the system, and the remaining extra correlation is the quantum correlation.
B. Evaluation of Discord
Given a density matrix ρ AB , one can easily construct the reduced density matrices ρ A and ρ B of the individual subsystems. Then the total correlation I(A : B) can be found using the quantum mutual information Eq. (19) . Maximization of J (A : B) to evaluate discord is nontrivial. The brute force method is to maximize J (A : B) over as many orthonormal measurement bases as possible, taking into account all constraints and symmetries. Strictly speaking, this method gives a lower bound on J (A : B) since the maximization may not be perfect.
While a closed analytic formula for discord does not exist for a general quantum state, analytical results are available for certain special classes of states [70] . For example, Chen et. al. have described analytical evaluation of discord for two qubit X-states under specific circumstances [71] [72] [73] [74] [75] . Luo has given an analytical formula for discord of the Bell-diagonal states which are a subset of the X-states [76] , and are defined as the states which are diagonal in the Bell basis
The generic structure of a Bell-diagonal state is Using only local unitary operations (so that the correlations remain unaltered), all Bell-diagonal states can be transformed to the form given by
where the real numbers r j are constrained such that all eigenvalues of ρ BD remain in [0, 1]. The symmetric form of ρ BD also implies that it has symmetric discord, i.e., D BD (B|A) = D BD (A|B).
Thus, the analytical formula for discord in this case is, using Eq. (20),
where r = max{|r 1 |, |r 2 |, |r 3 |}.
A special Bell-diagonal state, i.e., when λ 1 = (1 + 3 )/4 and λ 2 = λ 3 = λ 4 = (1 − )/4, is known as the Werner state
It has entanglement iff 1/3 ≤ ≤ 1. In this case r j = − for j = 1, 2, 3 and r = . The discord using Eq. (24) is then given by
This expression is plotted in Fig. 6 .
C. Geometric Discord
Geometric discord is a form of Discord that is relatively easier to compute [46, 47] . In the following, we discuss the case of two-qubit geometric discord [46, 78] . For every quantum state there exist a set of postmeasurement classical states (Ω 0 ), and the geometric discord is defined as the distance between the quantum state (ρ) and the nearest classical state (χ),
where ρ − χ 2 = Tr[(ρ − χ) 2 ] is the Hilbert-Schmidt quadratic norm. Obviously, D G (B|A) is invariant under local unitary transformations. Explicit and tight lower bound on the geometric discord for an arbitrary A m×m ⊗ B n×n state of a bipartite quantum system is available [47, 79] .
Protocols to determine lower bounds on geometric discord without tomography have also been discovered recently [79, 80] .
Following the formalism of Dakic et. al. [46] analytical expression for the geometric discord for two-qubit states was obtained in [77] . The two-qubit density matrix in the Bloch representation is
where x i and y i represent the Bloch vectors for the two qubits, and T ij = Tr[(ρ(σ i ⊗ σ j ))] are the components of the correlation matrix. The geometric discord for such a state is
where T 2 = Tr[T † T ], and η max is the largest eigenvalue of the matrix x x † + T T † . Explicit form of η max and a remarkable tight lower bound on geometric discord are given in [77] .
Using the transformed form of Bell-diagonal states as given in Eq. (23) it can be seen that x i = y i = 0 and T is a diagonal matrix with elements T ii = r i . Then the geometric discord is given
For the Werner state r i = − . Then T 2 = 3 2 and all eigenvalues of T T † are 2 , yielding
This expression is plotted versus the purity in Fig. 6 . Comparison with Eq. (26) reveals that discord and geometric discord are proportional for low-purity Werner states. Also, the numerical difference between D W ( ) and 2D G W ( ) does not exceed 0.027 for all ∈ [0, 1]. An analytical formula for symmetric geometric discord for two-qubit systems is given in [81] and geometric discord for qubit-qudit systems is given in [82] .
D. NMR studies of quantum discord
Katiyar et. al. [66] have studied discord and its evolution in certain NMR systems. After preparing the pseudopure state ρ 0 = (1 − )1/2 + |00 00| they applied the pulse sequence shown in Fig. 7(a) . The initial state ρ 0 is transformed into a Werner state when θ is set to an odd integral multiple of π/2. Katiyar et. al. measured quantum discord using extensive measurement method described earlier. Fig. 7(b) displays discord as a function of θ. One can notice that discord is Maziero et. al. studied the behavior of quantum discord under decoherence using an NMR testbed [68] . They observed a sudden change in the behavior of classical and quantum correlations at a particular instant of time and found distinct time intervals where classical and quantum correlations are robust against decoherence. Yurishchev [83] has analytically and numerically studied NMR dynamics of quantum discord in gas molecules (with spin) confined in a closed nanopore.
Kuznetsova and Zenchuk [84] have theoretically studied quantum discord in a pair of spin-1/2 particles (dimer) governed by the standard multiple quantum NMR Hamiltonian and shown the relation between discord and the intensity of the second-order multiple quantum coherence in NMR systems.
V. SUMMARY
In this chapter, we have briefly discussed three types of quantum correlations, namely quantum contextuality, Leggett-Garg temporal correlations, and quantum discord. In each case, we have surveyed a few NMR experiments.
Exploiting the state independent nature of quantum contextuality, Moussa et. al. [11] demon- strated that even a content-less maximally mixed-state (1/4) violates certain noncontextual hidden variable inequalities when subjected to quantum measurements of certain observables. Similarly, the violation of Leggett-Garg inequalities can be observed even in a two-level quantum system (while quantum contextuality is exhibited by a quantum system with at least three levels). Hence, as demonstrated by Athalye et. al. [32] the violation of LGI is observable even in a spin-1/2 NMR system at room temperature. Moreover, Oliveira et. al. [68] and Katiyar et. al. [29] showed the existence of nonzero discord in NMR systems.
NMR has wide-ranging applications from spectroscopy to imaging, and quantum information testbed is the latest of them. Although NMR offers excellent control operations and long coherence times, highly mixed nature of spin-ensembles at room temperatures allows only separable quantum states. In the absence of entanglement, does it have any resource for quantum information studies?
This question was answered in terms of above nonclassical correlations.
